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The structure of laminar diffusion flames is analyzed in the limiting case of large, although finite, reaction 
rates. 
It is shown that the chemical reaction takes place only in a very thin region or «chemical boundary layer* 
where convection effects may be neglected. Then the temperature and mass fraction distributions within the 
reaction zone are obtained analytically. 
The flame position, rates of fuel consumption, and temperature and concentration distributions outside of 
the reaction zone may be obtained by using the assumption of infinite reaction rates. 
For large Reynolds numbers mixing and combustion take place in boundary layers and free mixing layers. 
And again analytical solutions are obtained for the temperature and mass fraction distributions outside of the 
reaction zone. 
N O M E N C L A T U R E 
The following is a list of the most important symbols used in this paper. 
A„ Parameter given by [44], that measures the deviations from the Burke-Schumann 
solution. 
cp Specific heat at constant pressure. 
D Diffusion coefficient. 
E Activation energy of the chemical reaction. 
/' Uimensionless stream function. 
Kj Mass fraction of species i. 
L Some overall characteristic length. 
M Mean molecular mass. 
m Mass rate of fuel comsumption per unit flame surface. 
Pr Prandtl number. 
p Pressure. 
q Heat released per unit mass of fuel. 
R Universal gas constant. 
Re Reynolds number. 
Sc Schmidt number. 
T Temperature. 
Ty Adiabatic flame temperature given by [24]. 
Tc Temperature at the ideal flame surface. 
tc Characteristic chemical time defined by [15]. 
tm Characteristic mixing time, tm = §l,/~D0. 
U Characteristic overall velocity. 
u, v Velocity components in boundary layer coordinates. 
v Velocity vector. 
vdi Diffusion velocity of species i. 
w{ Mass production rate, per unit volume, of species i. 
X, Y Mixing boundary layer coordinates. 
x Position vector. 
x, y Chemical boundary layer coordinates. 
F 
2/i = j(?l?o)dy. 
b 
z = y,jlc. 
p Universal function giving the temperature distribution within the reaction zone. De-
fined by [39]. 
8m M i x i n g l e n g t h , 5,„ = p0 D 0 /m. 
8C Characteristic thickness of the reaction zone given by [41]. 
7j Dimensionless distance normal to the mixing layer. 
6 Non-dimensional t empera tu re , 6 = (T —T0)/(T/>—T0). 
6„ = E/R(T r -T 0 ) . 
60 = T f l / ( T V - T 0 ) . 
6C = (T e-T 0) / (TA-T 0) . 
1 = uFl'uu. 
H Viscosity coefficient. 
v Stoichiometric ratio species 2 to 1. 
5 Non-dimensional distance along the mixing layer, 
p Density, 
a Stress tensor. 
SUBSCRIPTS: 
1, 2, 3 Indicate fuel, oxidizer and products respectively. 
F Indicates conditions at the fuel exit. 
0 Indicates conditions on the oxidizer side of the flame, far from the flame. 
f Indicates conditions at the flame surface for infinite reaction rates. 
The asterisk is used for the non-dimensional variables introduced in section II. 6. 
I . I N T R O D U C T I O N 
Diffusion flames are obtained when the reacting species are initially separated. Combus-
tion and mixing takes place simultaneously. 
In these flames the reaction zone separates the two reacting species which diffuse, through 
inert gases and combustion products, from each side towards the flame. 
The reacting species burn very rapidly as they reach the reaction zone; thereby the 
combustion velocity is generally conditioned to the accesibility of the species to the reaction 
zone; or in other words, to their facility to diffuse across the inert gases and combustion 
products. 
Tt seems that we can arrive at a description of some of the most important features of 
diffusion flames by using the assumption, first introduced by Burke and Schumann (1), of 
infinitely fast reaction rates. Then the actual zones of combustion become infinitely thin, and 
the mixing process alone becomes responsible for the rate of burning and for flame location 
and size. 
Burke and Schumann have successfully used their assumption for the calculation of the 
shape and length of the laminar diffusion flame formed when a fuel jet discharges within a 
tube. In this tube an air stream moves with the same velocity as the fuel jet. The same as-
sumption has been utilized by Hottel and Hawthorne (2), Wohl, Gazley and Kapp (3), Yagi 
and Saji (4), and Barr (5), for the prediction of the length of open flames, both laminar and 
turbulent. Through rudimentary approximations they obtain an expression for the flame 
length containing an unknown function; this they determine empirically from the results of 
their experiments. Fay (6) has calculated, by using Burke Schumann assumption, the shape 
and characteristics of the laminar diffusion flame obtained when a fuel jet discharges into 
the open atmosphere. 
The infinite reaction rate assumption has also been utilized (7). (8) for the study of diffu-
sion flames in boundary layers. 
In addition, an extensive literature exists on the application of the assumption to fuel 
droplet combustion. 
The Hurke-Schumann assumption eliminates chemical kinetics from the process, simpli-
fying the governing equations and their solution. However, this solution does not provide the 
criterion for the extinction of the flame, or for the validity of the assumption and solution. 
Zeldovich (9) has taken into consideration the finite thickness of the reaction zone to 
explain the blowing-off phenomenon. Similar studies have been performed by Spalding (10), 
(11), (12) with the purpose of relating the fuel consumption rate per unit area at extinction 
and the fuel consumption rate per unit area in a premixed flame. 
For a general description of the diffusion flames see, for example, the review papers by 
Barr (13) and Wohl and Shipmann (14), where data and bibliography on the subject can be 
found. 
We aim in this work to show the effects of finite chemical reaction rates on the structure 
of laminar diffusion flames. In order to do so, we will study certain limiting cases, in which 
simple analytical solutions can be obtained. We will limit ourselves to the study of one step 
chemical reactions in which the forward reaction is dominant. 
We shall show that for large reaction rates the chemical reaction takes place only in a 
very thin region or «chemical boundary layer». This has already been shown (15) in the simple 
case of the mixing and combustion of two parallel streams of fuel and oxidizer moving with 
the same velocity. There convection effects may be neglected compared with the much more 
important diffusion conduction and chemical reaction effects. The governing equations 
reduce in this case to ordinary differential equations. The kinetics of the reaction appears 
in the solution; but the temperatures are close to the adiabatic flame temperature, and in this 
range of temperatures the concept of an overall kinetic scheme has been found by Levy and 
Weinberg (16) to be valid. 
The solution with the assumption of infinite reaction rates (which we shall call the Burke-
Schumann solution) represents the true solution outside of the reaction zone. Tt may also be 
used to calculate the flame position and fuel consumption per unit flame area. 
If the Reynolds number, based on some overall characteristic length, is large, mixing and 
combustion will take place only in a very thin region or mixing layer, where boundary layer 
approximations may be used (17), (18), (19). 
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The mixing layer location and general flow characteristics outside of the mixing layer 
may be determined by using the inviscid flow equations. However, we must allow for the 
existence of discontinuities in the velocity, density, temperature, and mass fraction distribu-
tions within the flow field. 
In Figure 1 the temperature and mass fraction distributions, as obtained by different 
limiting assumptions, are schematically represented. 
II. GENERAL EQUATIONS 
We shall begin by writing the general equations governing the steady laminar flow of a 
reaoting gas mixture (20), (21), (22). We will use the assumption that the fluid may be consider-
ed as a continuous medium formed by a mixture of perfect gases. v 
Only three species will be considered: Fuel, oxidizer, and products. For the sake of 
simplicity, any inert species present will be considered as products. 
Besides the usual dependent variables of ordinary fluid mechanics, i. e. velocity v, pres-
sure p, density p, and temperature T, three new variables, the mass fractions of the reactant 
species, enter. Therefore, three new equations, stating the mass conservation law for each of 
the species, must be added to the fundamental equations of fluid mechanics. In addition, the 
relations between the transport parameters and mass fractions, temperature, and pressure of 
the mixture will be required. 
We shall use subscript 1 for fuel, 2 for oxidizer, and 3 for the products. The mass frac-
tions of species i will be written 
The three mass fractions obviously satisfy the relation 
K1 + K8 + KB = 1. [1] 
II.1. Equation of State. 
If the fluid is considered as a mixture of perfect gases the equation of state is as follows 
p = p(R/M)T [2] 
where H is the universal constant of the gases, and t->" 
M = tK^1] L3J 
is the mean molecular mass. 
In order to simplify the calculations we will use a mean constant value for M. This ap-
proximation is justified when the molecular masses of the species are not very different or 
when the reactants are very dilute. Then M^M 3 , 
In any case the results will not be essentially changed by considering M as variable. 
II.2. Equation of Continuity for the Mixture. 
This simply states the law of mass conservation 
V-(p*) = 0. [4] 
II.3. Equations of Mass Conservation for the Species. 
These state that the mass quantity of each constituent entering unit volume per unit time, 
either due to convection or diffusion, equals the mass quantity of the constituent disappearing 
as a consequence of the chemical reaction. 
These equations are as follows 
pt7-vK j + v(pK,.tT(M) = n>j tf»J 
1
 - * • 
where vcli is the diffusion velocity of species i, and wf is the mass production rate per unit 
volume of species i. 
We consider a one step chemical reaction in which the forward reaction is dominant, the 
backward reaction being negligible. For an Arrhenius type reaction with second order che-
mical kinetics, we may write 
rvj? = — 6(p/RT)exp[— E/RT]-K tK2 [6 a] 
where E is the activation energy of the reaction and b is the frequency factor. Also if v is the 
stoichiometric ratio oxidizer-fuel 
w2 = vw1, w3 = — (l-\-v)wv [6 b] 
We shall use relation [6a] through most of this study. The extension to more general 
reaction rates of the form 
w1/P = -f l r (T,p)exp[-E/RT]-K?K* [7] 
is easily made. • 
The diffusion velooities depend on pressure, temperature and species concentration 
gradients. Usually the pressure gradient effect on diffusion velocities is small compared to 
those due to mass fraction gradients. This is specially true when mixing takes place in thin 
mixing regions and boundary layers. Thermal diffusion will be neglected because diffusion 
velocities due to gradients of temperature are generally a small fraction of the velocities due 
to concentration gradients. 
If the molecular masses of the species are approximately equal we may use Eick's law 
for the determination of v(H. 
Ki;rfi = -DVK, ; [8] 
where D is an average diffusion coefficient. 
If the concentration of one of the species is small, Eick's law is valid for the other two 
species. This always happens in diffusion flames where oxidizer concentration, for example, 
is very small in the reaction zone, or in the fluid side of the flame. Then we may use Fick's 
law for fuel and oxidizer with the diffusion coefficients determined by the binary mixtures: 
fuel-products and oxidizer-products respectively. In this study we will use a single average 
diffusion coefficient D. 
Inserting [8] into [5] we obtain 
v- V K, = (1 /p) V • (P I) v K,) + w,/p. [9] 
IT.4. Momentum equation. 
«.V* = - ( l / p ) V p + ( l / P ) V - 0 . [10] 
Where a is the stress tensor 
dvk » , l^Vi dvj 
u
 3 ' dxk ll ' ' \dxj ' dx_ 
We neglect the diffusion stress tensor. Gravity forces will also be neglected for simplicity, 
although they can only be neglected for large Froude numbers and this is not always the 
case in diffusion flames. 
II.5. Energy Equation. 
If the specific heats epi of the species are assumed to be equal and constant the energy 
equation may be written 
-* „ 1 / !<• \ ' ->• 1 -* w, q
 r , 
t?-VT=- V- V T - f - a : ? H v-Vp - — [11] 
P U r / p ' ' P ^ pcp p cp 
-> 
where a: Vv is the Rayleigh dissipation function and q is the chemical energy that a combus-
tible mixture containing a unit mass of fuel and v units of oxidizer has available for conversion 
into thermal energy q = h1Jrvh?i — (l + v)/v!>. Pr is the Prandtl number which will be assumed 
constant. Thermal radiation is not taken into account. 
Equations [2], [4], [10], [11] and [9] (for i = l,2), together with relations [6] and the 
functional relations between the transport parameters and p, T, and Ki5 constitute the 
system of differential equations governing the structure of diffusion flames. 
In addition we must include the appropriate boundary conditions. 
Without losing much generality we can state as boundary conditions for the temperature 
and mas fractions that they be constants at some surfaces or zones of the flow field. 
For example, on some surface or region at the fuel side of the flame — the fuel exit — 
K ==K T = T 
and } [12] 
K ^ K , , „ T = T0 
on some surface or region far from the flame on the oxidizer side of the flame. 
II.6. Dimensionless Form of the Equations. 
Let us introduce the following non-dimensional variables 
05 = LX* „ v = \Jv* „ p = Pop* „ P = Po^2P* 
cp |x0 pD 1 
Re is the non-dimensional Reynolds number, and Sc is the Schmidt number that will be 
assumed to be constant and equal to the Prandtl number. 
Subscripts
 0 and ¥ will indicate boundary conditions far from the flame, on the oxidizer 
and fuel side of the flame respectively. 
The characteristic length L and velocity U are some overall characteristic magnitudes. 
In terms of these non-dimensional variables the governing equations take the form. 
V*.(P*«*)=0 
' L R e P r J p* V' ' LU^CJ\ P / 
UePrJp* U L u * c J \ p / L q r J ^ LgReJ P * = 
Here 
where 
Tf will be the adiabatic temperature of the flame 
q K20(T: + Kn„) 
IV K20 + v K1K 
as we shall see later. Then tc is a characteristic chemical time, such that (Wj/p)* w ' ^ be of 
order unity if the mass fractions are not small and the temperature is close to the adiabatic 
flame temperature. 
1 
Re ' 
L 
' vtc ' 
IP IP 1 
q q Re 
III. DISCUSSION OF THE EQUATIONS AND LIMITING CASES 
III. 1. General Discussion. 
By choosing appropriately the characteristic magnitudes, the non-dimensional factors and 
terms in equation [14] should be of order unity except, at most, at regions such as boundary 
layers, shock waves, free mixing layers. In these regions the functions v, K;, T or tlieir 
derivatives may change very rapidly. If such layers do not exist, or in any other region, the 
relative importance of the different terms in equations [14] is measured by the values of the 
non-dimensional parameters 
T, U s TT* 1 
„ P r ~ l . 
This is not exactly true for the term (L/XJtc) (w,-/p*) because of the large variations of 
(w;/p)* with temperature and mass fractions. 
From equations [6b] and [9] we deduce 
« * . r * ( K 1 - K 2 / v ) = ; [ - 1 i ^ ] - i v . > * V * ( K 1 - K a / v ) ! . [16] 
Also if \]'2/q<^.l and (1/Re) (U2/g)<^ 1 the energy equation may be written 
;-
'
V,T
*=[Re'rd7T" ,1,"T'T')-f^](7)*' I17) 
And if the fuel diffusion equation is added to [17] we obtain 
;*.
 v*(Kl + T*) = [-Jp_„_]_L V*. !,,*V*(K, + T*)|. [18] 
If the form [17] of the energy equation is used, and taking into account the diffusion 
equations, the function 
9 = T > , K. 2 0-K 2 F-VT: K U . - K 1 0 + T : 
?
 ^ K 2 0 -K 2 F + v(K1 F-K1 0) ^ K 2 0 -K 2 F + v(K1 F-K1 0) 2 
satisfies the differential equation 
'^
rtp =
 beVrJ7V*- (^ r c p ) [19] 
that when solved with the boundary conditions [12] gives 
__ K3„ K1F — Ki„ K2F -f (K20 — v Kin) T* [20] 
9
 ~ ' K ~ - K ~ + " V (K ) F - K10) 
Solution [20] is independent of the chemical kinetics. There are cases, however, in which 
the boundary conditions as given in [12] are not known «a priori* because they depend on 
the chemical kinetics. For example, in the case of a fuel droplet burning in an oxidizing 
medium, the oxidizer mass fraction at the droplet surface (which is zero for infinite or very 
large reaction rates) may build up to some unknown value when the reaction rate be-
comes low. 
III.2. Burke-Schumann Solution. 
For the study of diffusion flames, Burke and Schumann introduced the assumption that 
the region where wjp is different from zero is infinitely thin, and Kt = 0 on one side of the 
flame, and K2 = 0 on the other. 
This should be true when L/U£c is very large. If both Kj and K, were different from 
zero in a region where the temperature is not low compared with T/-, then (wjp)* would be of 
order unity and the term [L/U tc](wtjr>)* would be very large compared with 
•w*-V*K,- a n d 
e P r J
 P* R e ^ . ^ - G ^ K , - ) , 
that are of order unity. 
Also if in system [14] we take the limit L/U^-^-oo , then we obtain the result (n?ilp)* = Q-
So either K , = 0 or K2^=0, and system [14] takes the following form, where i = l , 3 , j = 2 
on the fuel side of the flame and i = 2,3, j=l on the oxidizer side of the flame, 
[^--•(•+U\H 
V*-(p*t'*) = 0 
I 
[ReJ o* 
r i l i r I u 2 i I u3 i -
LRePrJp* V' ' ' Re q J p* = q ?* 
[21] 
K> = 0 
We can use with system [21] the same boundary conditions [12] (*) of system [14], if we 
allow for discontinuities in the mass and temperature distributions at the zero thickness flame. 
In the flame the equations of conservation of mass and energy indicate that, 1) fuel and 
oxidizer diffuse towards the flame in stoichiometric proportions; 2) that the heat leaving the 
(*) K10 and KaF must be zero if L/U tc~* cc . 
flame due to conduction equals the heat released by the reacting species when reaching the 
flame. That is 
<?K, _ <?K, 
d «•! d n., 
) I22] 
q <?K, dT dT 
u/< d nx d nl d n2 
where djdnl and d/dn2 indicate derivatives normal to the flame surface toward the fuel and 
oxidizer sides respectively. They must be evaluated at the flame. 
The temperature, mass fractions, and therefore the density and velocity, are continuous 
functions at the flame. For this reason, mass and heat transport by convection is not taken 
into account when writing the conservation equations through the flame. 
By solving the system of equations [21], with boundary conditions [12] and [22], we obtain 
the Burke-Schumann velocity, mass fractions, and temperature distributions. 
In particular, let 
[23] 
K,+T*=A(*) ) 
be the solutions of equations [16] and [18] (valid only for \]'!/q<^l and (1/Re) ll2/q<^.l). 
The equation of the flame surface is obtained by writing 
K, = K, -.()==/>,(») = (). 
Also according to [2')] at the flame 
T* = T * = l K " ' + T*)K2o 
' vKu;+K2(r 
and 
, q (Kn.. + T:)K,0 
cp vK u ,+ K2n 
By writing K2 = 0 on the fuel side of the flame surface and 1^ = 0 on the oxidizer side, 
we obtain the temperature and mass fraction distributions. 
K , = M x ) j K , = 0 
K, = 0 For /', > 0 „ K, = —>f1 (x) } for f\ < 0 . [25] 
T*=f2(x)-f\(x) ) T* = A(«) 
Tt is interesting to point out that the Burke-Schumann solution satisfies the complete 
system of equations [14] and also its boundary conditions. This solution is not the correct 
one, only because the first derivatives of the temperature and mass fraction distributions 
have discontinuous first derivatives within the flow field. 
Solutions [23] of equations [16] and [18] are modified when finite values of L/Ufc are con-
sidered. The reason for these modifications is that, although reaction rates do not appear 
explicitly in equations [16] and [18], the variables p, v and \i that appear in those equations 
will depend on the reactions rates. 
However, we may expect that, for sufficiently large values of L/Ufc, the reaction zone (or 
region where wt^0) will be very thin. Hence the Burke-Schumann solution [25], for which 
the reaction zone has zero thickness, will be a very good approximation in the case of large 
but finite L/U£c. This will be especially true outside of the reaction zone. 
Equations [16] and [18], in particular, should remain practically unchanged. This is 
exactly right when mixing and reaction takes place in constant pressure regions and boundary 
layers if p;i is assumed to be constant. In such cases equations [16] and [18] as well as the 
boundary conditions (for large L/Uic), will be independent of the reaction rates. The same 
will happen then to their solution. 
Summing up: If the reaction rate is sufficiently large the reaction zone will be very thin 
compared with any other important length (as for example, the width of the mixing region). 
Then, in order to obtain the velocity, temperature and mass fraction distributions outside of 
the reaction zone, i. e., for the study of the external structure of the diffusion flame, we may 
use the assumption of infinite reaction rates. 
IV. STRUCTURE OF THE REACTION ZONE 
IV. 1. The «Chemical Boundary Layer». 
The fact that in the limiting case of infinite reaction rates the thickness of the reaction 
zone is zero, and that the first derivatives of K; and T normal to the flame are discontinuous 
there, suggests that for large, although finite, L/U^: 
a) The thickness of the reaction zone will be small. 
b) The diffusion terms 
p dn \ Pr dn I p dn \ Pr dn) 
will balance the ^chemical production terms wjp, these terms being very large compared 
with all the other terms of the equations. (Here d/dn indicates differentiation normal to the 
flame). 
In other words, for large values of the chemical reaction rates the reaction zone will be 
a very thin region or «chemical boundary layer». There, due to the rapidly varying gradients 
of temperature and mass fractions normal to the flame, mass diffusion and heat conduction 
normal to the flame constitute the only transport mechanism required to balance the chemical 
production terms. Transport by diffusion or conduction in other directions or convection 
may be neglected within the reaction zone. 
In order to show this, let us assume that we know the Burke-Schumann solution [25]. 
Hence, we know the flame surface location for infinite L/U£c, and therefore the approximate 
location of the flame region for large L/U£c. 
For simplicity we will limit ourselves to the two-dimensional case. The results, however, 
are completely general. We shall write the equations of motion, and mass and energy 
conservation equations in a curvilinear system of coordinates. In this system, see Fig. 1, 
x will be the distance measured along the flame surface, as de termined by the Burke-Schu-
mann solution. The distance normal to this surface will be indicated by y; u and v will be 
the velocity components in the x and y directions; 1/K is the r ad ius of cu rva tu re of the flame 
at point x. Limiting ourselves to a region where Ky is small compared with 1 the line 
element has components (1 ~{~Ky)dx and dy, and the equat ions are as follows: 
Continuity for the mixture 
1 d
 x d , . Kov 
—- (p u) + —— (p v) A ! 
1 + K?/ dx M ' dy v' ' 1 + K ? / 
Equations of motion 
r u T 
where 
iu 
•IT 
d?y 
dv 
K M D 
+ K?/ d£C 
M dv 
[-•?;—— 
+ K?y da; d?/ 
1 
1 + K 
KM* 
y- i 
= 0. 
dp 
1+Ky. 
F 
1 + K ?/ d x 
1 da x» 
1 -|- K y dx 
du 
dy 
djyy 
dy 
1 ~\-Ky dx 
= _-*£ + F 
1 + K * / 
I 1 «< Kv \ 2 
= 2|A
 \T+ K?y 7x + ~1+Ky) _ T |XV 
aw = 2 n -
' ( l+K?/ 
2 
dw 
J x » 
V't) == 
1 
dy 
dv 
dx dy 
du dv 
\>-V-v 
Ku 
T+K^", 
Kv 
1 + K«y d.r d?/ 1 + K / / 
Continuity equation for each of the species 
1 i d u dK, dK, 
1 + K// da; dy ~ ?(i-\-Ky)\dx ^ i T K ^  ^rj ^  ^ ^ ^ ( 1 + K ?/> Pr ^ 1 ' , ^ 
Energy equation 
u dT dT 
1 + K/y dx + „£! = ! )Ar.JL__L_ di/ p ( l + K ? / H d x l P r 1 + K ? / 
pcp 
$,. M 
dT 
d x 
dp 
1 f [JL dT 1/ a wx 
i / L P r d</J\ ctl p 
d p 
pcp 1 + K y dx pcf, d?y 
where 
K = li [2 (4* + 4„) + 4, - 2/3 (eM + s,,)2] 
and 
1 du Kv 
1 + K# da; 1 + Ky 
dv 
di/ 
d v d u K M 
*" 1 + K # dec <ty 1 + K y 
Now let L and U be overall characteristic length and velocity. Let 8C and 8(H be the 
thicknesses of the reaction zone and of the mixing region respectively. We could show that 
for low Reynolds number, §,„~L, while 8,H~|D0L/U for large Reynolds numbers. 
The mass fractions just at the outer edge of the reaction zone will be of order 5r/8,H. The 
same order of magnitude will be valid inside of the reaction zone. 
Let us now introduce the non-dimensional variables as/L, g//5c, K,-8H,/8C, (wjp) tfc(3„,/8c)2, by 
stretching the coordinates, mass fractions and reaction rates, so as to make the non-dimension-
al factors and terms of order unity within the reaction zone. For the remaining variables 
we may use the same non-dimensional variables used in section II. 
We will write the governing equations in terms of these non-dimensional variables. 
Now, if the terms accounting for the conduction and diffusion normal to the flame are going 
to be of the order of the chemical production term, 8{? ~ 8JH D0 tc. 
Tf we now take, in the energy and diffusion equations, the limit 3c/8IH^>-(), most of the terms 
in these equations drop out. We are left with the following differential equations: 
1 d / a dK 
-(— 4 £ U - ^ [26] 
y \ Pr dy f o L J 
y \ Pr dy J cp p 
that we have written in dimensional form. 
From the momentum equation we deduce that the variations of pressure across the 
reaction zone are of order 8C/L. 
Hence we may assume, when writing the equation of state, that the pressure is constant 
across the reaction region and equal to the value obtained at the flame with the Rurke-Schu-
mann assumption. 
Therefore in addition to the above equations for K,, K,, and T we have the equation 
p(x) = pTR/M 
where p (x) is a known function of x. 
Also 
w2/v = ro, == — b • [ p (a;)/R T] exp j — E/R T \ Kt K2 [29] 
or we may use the general expression [7] for w1 as is done in appendix A. 
No derivatives with respect to x appear in system [26] to [29]. Therefore these equations 
may be solved as ordinary differential equations in which x stands as a parameter. 
As boundary conditions we will write that when y—> + oc the temperature and mass 
fraction distributions coincide with those obtained by assuming the reaction rate to be 
infinite. 
IV.2. The Solution of the Chemical Boundary Layer Equations. 
Cv By introducing the new variable yx— I (o/o0)dy, if we assume that p[i = p0|j.0, equa-
J o 
tions [27] and [28] may be written 
d2K. 1 w. 
dy'i D0 p 
d3 T* 1 w1 
[30] 
[31] dy\ D0 o 
From equations [30] if we take into account that w2 = vwl we get 
Kt — K,/v = A,2/1 + B1. [32] 
Similarly, from [30] and [31] we obtain 
K1 + T* = A 2 ? / l + B 3 [33] 
K.2/v + T* = A3?/l + B3. [34] 
Relations [32] to [34] are independent of the chemical reaction rates. However, they are 
only valid within the reaction zone. The constants A;, Bj must be chosen so that these 
relations coincide with the similar relations obtained from the Burke-Schumann solution, at 
least for low values of yx. Then, relations [33] and [34] may be written, 
[35] 
r v m I i 
M I T / K J
 PoD0^J ) 
6 = T*/T/ „ >r?=h°rt + K^
 a n d m ( x ) r dK^i ^ 
Ku + ''K1K I oy \y = 0 
sometimes called flame strength, is the mass rate of fuel comsumption per unit flame surface. 
Also we may write p0 D„/m (x) = 3,w (x) where §„((x) is a mixing layer thickness. 
Where 
Now, by using expression [6a] for the fuel production rate, equation [31] takes the 
following form: 
d26 _ vTy p 1 + 0O 
-!-i^^-!h»^t]h»-(^^-)t] w 
where 60 = cpT0/q and 6n = Ecp/R</ is the non-dimensional activation energy of the reaction. 
By solving equation [36] with the boundary conditions K2 = 0 for y^—*oo and K1 = 0 for 
yt-^ — x, we obtain the temperature distribution within the reaction zone. 
If the reaction rate is sufficiently large, the temperature will not deviate appreciably, 
within the reaction zone, from its limiting value (when tc^0) 6 = 1 at y, = 0. 
Then a good approximate solution of [36] may be obtained by substituting the factor 
G„ 1 - 6 J 
*-TK e x P ) i i 
60 + 6 I 1 + 0 T " I ^ T ^ "0
 u 0 " 
by its value at 2/t == 0. Let 8 = 8c(.x) for ?/ = 0. Then we approximate equation [36] by 
d*e vTf* p i + e0 ( 6re i _ e e fr v y i-
expj 6 ^ 1 - - M r i _ o + ^ ^ | | l - 6 - ( - , - - ^ ) - ^ | . [37] 
M l + 6 0 6 0 + 6 jL ^ K a „ U L WV* K20/§mJ L J <^2/l D 0 < c p 0 0 + 8,; ( J- I "() "0 " T " c / L J-i-20 » m J l . \ 1/ -iv2 0 / u m 
This we may write in the form 
V — r? 
dz2 ' 
and the boundary conditions are: 
{5 + 2 = 0 for 0—> + oo. 
[38] 
Here 
where 
'-^'-•+(£-w)t- « = -T-, [39] 
' D„«C p0 e0 + e„ p | i + 60 e0 + e j l J 
m v p 1 + 60 ( 1 + 60 6„ + 6C ) 
Equation [39] was solved numerically (15). Its solution 
P = P(«), [38 a] 
is represented in Fig. 2 with a solid line. In particular fi(o) = 0.866. An approximate 
solution is presented in Appendix A. 
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Fig. 2. —Universal temperature distribution function. 
Fig. 3 shows the variation with s of fl2 — z2, which is proportional to the fuel mass 
consumption rate per unit volume. For 2 = 3.2 its value is roughly one per cent of its 
maximum value at 2 = 0. Hence Ave may conclude that the thickness of the reaction zone or 
chemical boundary layer is of the order of 6SC. 
According to [38 a] the temperature at the ideal (Burke-Schumann) flame surface position, 
yl = Q, is given by the following relation 
0.87 
fA 
[42] 
A first approximation for 0C is obtained by writing 6C=1 when evaluating A. Then 6C is 
given by 
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z 
where 
A0 = 4 v T ^ - ^ = 4 v T / ^ 4 I ) o - - [44] 
Po D0*c p0 m»t 
A second approximation for 6C valid for values of Gc>-0.8 is 
0.87 r 
- 1
 = h 
t A o L " 3(l + 60)3 p^ [45] 
Similarly 
8c/8m =
 Hf (1_6c)- [46] 
IV.3. Discussion of the solution. 
Relation [45] shows that deviations of the temperature from its asymptotic Burke-Schu-
mann value 6C = 1 depend on the parameter A0. This parameter incorporates both the 
chemical kinetic parameters (through the value of the characteristic chemical time tc) and the 
fluid mechanical parameters (through the mixing time t)H(x) = %ll(x)IT)0). A „ ~ £„,/£,.. 
The obvious result is that the deviations of the temperature and mass fractions from 
their limiting asymptotic values increase with decreasing values of the ratio tw/tc. Now tm is 
inversely proportional to the fuel rate of supply to the flame m. Hence we deduce that by 
increasing the fuel rate of supply, the flame temperature will decrease. 
The initial fuel and oxidizer mass fractions influence the results through the factor T/*3 
that appears in [44]. By diluting the fuel or the oxidizer we get larger deviations from the 
Burke-Schumann result. 
Relation [46] indicates that the thickness of the reaction region decreases with increasing 
values of the mass rate of fuel supply. 
For this chemical boundary layer scheme to be valid 3c/8„, must be small compared to 
unity, hence the same criterion may be used for the validity of the Burke-Schumann assump-
tion and solution, and for the validity of the chemical boundary layer solution. 
Obviously, the most important characteristics of the chemical boundary layer solution 
and those of the Burke-Schumann solution coincide. For example, flame location and the 
quantity of fuel burning per unit flame area are the same in both solutions. The chemical 
boundary layer solution, however, gives a finite thickness for the reaction zone, and a small 
correction to the temperature and mass fraction distributions. This correction can be 
evaluated very easily and accurately in terms of the chemical kinetic parameters of the 
reaction. So, the chemical boundary layer solution can be of help for the study of chemical 
kinetics by means of experimentation in diffusion flames (12), (23). 
The parameter A„, that measures the deviations from the infinite reaction rate solution, 
may be used for the determination of an extinction criterion. This is supported by the 
following reasons: 
a) Due to the'high values of the activation energy of many of the chemical reactions, 
the chemical production term is very sensitive to temperature variations. This accounts for 
the fact that flame extinction occurs in a rather sharply defined way. This may also be due 
to the existence of some ignition temperature for the reaction. 
b) The concept of an overall reaction rate is not in general valid through a large tem-
perature range. Then, the idea of solving the complete exact equations, for obtaining an 
«exact» extinction criterion, loses part of its interest if use has to be made of some assumed 
overall reaction rate expression throughout the whole temperature range. 
c) The chemical boundary layer solution, although it cannot explain extinction except 
in a qualitative way, can provide a criterion for extinction not to occur if the overall reaction 
rate is known to be valid in a given temperature range. 
Whenever the parameter A0 is sufficiently low as to make Tc-<0.8T/-(and this occurs forr 
roughly, Ao<;80), the thickness of the reaction region begins to be'comparable with the 
thickness of the mixing region. Then the rate of fuel consumption begins to diminish and 
hence Tc will begin to decrease even faster with decreasing A0. 
Therefore, A0 ~- 80 may be used as an approximate extinction criterion as well as a 
criterion for the validity of the Burke-Schumann solution. 
We have seen that A0 ~ p^  D0jm2 tr. Now, this same parameter appears in the theory of 
premixed laminar flames. There it takes a value of the order of 100, that depends on the 
initial mass fractions and energy of activation of the reaction (24), when m is substituted by 
the fuel consumption rate G per unit area. Therefore an «approximate» relation may be 
established (9), (10) between the value of m at extinction (maximum flame strength) and G: 
m e x t~G. 
V. THE EXTERNAL STRUCTURE OK LAMINAR DIFFUSION FLAMES 
V.l. Large Reynolds Number Case. Inviscid Equations. 
The chemical boundary layer equations, governing the temperature and mass fraction 
distributions within the reaction zone, have been solved in the most general case. However, 
for the detailed evaluation of the solution we must know some parameters appearing there. 
They include the mass rate m of fuel consumption per unit flame surface, and the ideal flame 
location. 
In order to evaluate these parameters as well as the mass fraction and temperature 
distributions outside of the reaction zone, the Burke-Schumann solution must be obtained 
first. 
As mentioned in the introduction this solution has been obtained in some particular cases. 
Unfortunately, even when using the Burke-Schumann assumption of infinite reaction rates, 
the resulting system of equations [21] and boundary conditions [12] and [22] is so complicated 
that only a few approximate solutions exist. 
Marble and Adamson (17) have pointed out that a number of important combustion 
problems may be investigated analytically with the help of boundary layer approximations. 
Most of the solutions so far obtained make use of these approximations. These may be used 
whenever the Reynolds number, based on some overall dimension of the flow field, is 
sufficiently large. 
We will show here that, by using some additional assumptions, a fairly simple solution of 
the Burke-Schumann mixing problem is obtained. 
If in system [21] we take the limit Re —oc, we obtain the following system of differential 
equations, that we shall write in dimensional form: 
p =
 PTR/M 
V.(p£) = 0 
- -* 1 
v • Vv== Vp ,
 r , 
P } [47] 
v • V K,: = 0 
v • VT= —- v • Vp 
The boundary conditions [22] cannot be retained because, in the process of taking the 
limit Re —oo, we dropped the higher derivatives in the equations. 
However the boundary conditions [12] can be satisfied if we allow for the existence of 
discontinuities in temperature, mass fractions, density, and velocity at some stream surface. 
The position of this surface is determined by requiring that all the boundary conditions [12] 
be satisfied. 
If we consider only low Mach number flows, then: 
1) The density, temperature and mass fractions will be constant, although possibly with 
different values, on each side of the discontinuity surface. See Fig. 1. 
2) Equations [47] reduce to the system 
y • v = 0 
-> -* 1 } [48] 
and tangential discontinuities of v are allowed for at some surface, so as to satisfy the 
required boundary conditions on v. The pressure must, of course, be continuous at the 
surface. 
As an example, the solution of this problem for the low speed source flow is presented in 
Appendix C. 
V.2. Mixing Layer Equations. 
For large but finite Re, the ideal discontinuity surface is substituted by a thin mixing 
layer with the same approximate location. Although the discontinuities in the temperature, 
mass fractions, etc., no longer exist, the derivatives of these variables normal to the mixing 
layer will be very large compared to the derivatives in the surface direction: 
In order to study the structure of the mixing region, we will write the system [21] in 
boundary layer coordinates. Then we can obtain the mixing layer equations by using the 
well known boundary layer limiting process. 
Limiting ourselves to the two-dimensional or axially-symmetric low Mach number flow 
cases, we will write these equations in the form given by Lees (25). 
PoM
" 0*( P / P o )dY 
\ 2l -
where fc = 0 for two-dimensional flows and & = 1 for axially-symmetric flows; ua(x) is the 
velocity at the oxidizer side,, just outside of the mixing layer. 
By introducing the stream function T such that 
?ur = - j y » P v r = — - T ^ - [50] 
The continuity equation is automatically satisfied. Let 
^(5,^) = 1257(^5)- Then «/«„ = f (ri: £) [51] 
where the primes denote differentiation with respect to r(. We will assume p|i = p0|i0. Then 
the mixing layer equations take the form 
/" <
 + ff + ^ _ ^ i T/T(1 - (f'f] = t. i. d. S 
K-' + P r / K ; = t . i . d . E „ K, = 0 ' ^ 
T" + P r / T = t.i.d.E 
Where t = 1, 3: j = 2 on the fuel side of the flame, and i = 2, 3; i = l on the other side. 
The t.i.d.S's in the right hand side of the equations indicate terms involving derivatives with 
respect to £. 
As boundarv conditions we may write 
»i^i +m =» 
n i - v \ drt \drt ) - r v 
Cp \ drt J v \ <Jr, / - i , \ £?Tj f+rif 
[53a] 
Where YJ/(£) gives the ideal flame position. 
Tn addition 
f — 1 T^  — u T T 1V>T« ^ _ ^ ~ , ) 
[53b] 
For the solution of the above mixing problem a third boundary condition for f is 
required. This should be derived from the compatibility condition of the higher order 
r 
r 
= i 
= u¥ju0 
11 
11 
K2 = K20 
K ^ K ^ 
if 
11 
T = T0 
T = TF 
for 
for 
r, —* oo 
7j—* 00 
approximation (26). However, for our purposes we may write as third boundary condition 
/(0, £) = 0, because the only effect of changing the value of f (0, £) is a displacement of the 
mixing layer in the Y direction. 
V.3. Local Similarity Approximation. 
As the boundary conditions are independent of £, the functions /', K^  and T would be 
functions only of YJ, and similarity would exist, if the presure gradient parameter (2 Sj/w0) du0/d^ 
were constant. 
This occurs at the stagnation point where the parameter has the values 1/2, for the 
axially-symmetric case, and 1 for the two-dimensional one. 
Similarity also exists in the constant pressure case corresponding to the mixing of two 
parallel streams. In this case the pressure gradient term is obviously zero. The local 
similarity approximation may be used when (2£/u0) duQjdt is a slowly varying function of £. 
Then we may neglect the t.i.d.~'s in the right hand side of equation [52]. The resulting 
system of differential equations may then be integrated as a system of ordinary differential 
equations. 
It is interesting to point out that the factor [T/T0 — (f)2] in the pressure gradient term 
approaches zero at both edges of the mixing layer. The neglect of the pressure gradient 
term is similar to the neglect of free convection in diffusion flames. 
The pressure gradient term is neglected, without much justification, by Spalding when 
studying the opposed jet diffusion flame (12). 
If our main purpose is assessing the effects of chemical kinetics in diffusion flames, only 
an approximate analytical solution of the equations is required. 
This may be obtained easily if we neglect the pressure gradient term in the momentum 
equation [52]. Then it reduces to the Blassius equation 
f" + fr = 0 [54] 
with the boundary conditions 
f{o) = 0, f'(oo) = \, f'(-*>) = \ = uv/u0. 
An approximate analytical solution of this equation is given in Appendix B. The first 
approximation is 
f =
 Uju0 = — ^ —- -| 2~" e r t ' r 2 " " W f55l 
From equations [52] we deduce the following system of equations 
(K, — K2/v)" + Pr /' (K, - K,/v)' = 0 [56] 
(Kt + T*)" + Pr AK t + T*)' = 0 [57] 
Taking into account the boundary conditions [53 b] we obtain, if Pr =- 1, 
(Kg/v —K 1 ) - (K 8 0 / v -K 1 F ) 
J 
T 
K1F + K,(1/v 
?+K1F 2 [ 
A 11+1 
= e r t | - L - j j
 T[ 
1 — erf 
~~2 "" 
[58] 
And the boundary conditions at rif are satisfied identically. 
The flame surface is located at the point r,==r(/ where 
erf(l1 + X
 T U K - = K ^ erM 2 "M~ KlK + K30/v 
[59] 
and 
[60] 
So 
8«(K) 
- - - _ - . K,
 F + K2ll/v) -••^- exp rr, 
2P 2J7t ( T T*< 
[61] 
The parameter A,„ measuring the deviations from the Burke-Schumann solution, can now 
be evaluated. Also the temperature and mass fraction distributions outside of the reaction 
zone may be obtained from [57] and [58] by putting 1^ = 0 for y]^>rif and K2 = 0 for vj<yjr. 
In the particular case >-=l, we get f' = l, and the equations may be solved even for 
Pr=M- We obtain 
K 1 -K 2 /v = K 1 K - (K 1 F + K2,1/v)y[l + e r f y ^ - r,] '' 
T*+ K, = (T? + K,
 P) ~ [ 1 - erf l / - 1 ^ rj] 
[62] 
f0l\uork 
m= -=•—(Kn KM/v)y-g Pr - T V 
e r f / - r r - Yi 
/ P r _ K 1 F -K, 0 /v 
2 ri/~ K J + K , ; / ; 
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Fig. 5. —Temperature distribution profiles at several distances to the initial mixing point. 
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V.4. Particular Cases. 
In particular let us consider: 
a) Axially-symmetric stagnation poinl 
m AiCT. IV , v , . , L r 3 ( i + > • ) " _ l+x 
PoU. | I)t) 
And according to [44] 
<K,, + K10/v) ] - - ^ exp j _ ±±± „» J • [63] 
Ao-Ro/U^/, . [64] 
b) Mixing of two parallel streams 
m 
po XL) I' U„ x 2 2 - f 4 ' 
[65] 
Therefore 
x 8 T: ( 1 4 - A. „ /
 r , 
A„ = 4vT,**
 ( K l , - f K2(1/vr3exp \ ^ . [66] 
A«^x/U0/C . [67] 
Tn reference (15) a numerical integration of the equations for the mixing and simultaneous 
chemical reaction of two parallel streams of fuel and oxidizer, moving with the same velocity, 
was carried out in order to compare with the chemical boundary layer solution. The results 
are shown in Figs. 4, 5 and 6. 
VI. RESUME 
Experiments (2) and the success of the existing theories on laminar diffusion flames have 
clearly shown that, in those cases where a stable laminar diffusion flame has been obtained, 
the Burke-Schumann assumption (infinitely fast reaction rate) applies. However, the Bur-
ke-Schumann solution is independent of chemical kinetics, and does not give any criterion 
either for flame extinction or for the validity of the solution. 
The fact that in this solution the flame thickness is zero suggests that in practical cases 
the reaction zone must be of negligible thickness, making it possible to obtain a solution of 
the boundary layer type including the effects of chemical kinetics. 
At each side of the extremely thin reaction zone, chemical reaction effects are neglected 
as compared with convection, conduction, and diffusion effects. The reaction zone reduces 
to a flame front of negligible thickness, which acts as a sink for the reactants and as a source 
for the heat and products evolved in the chemical reaction. The location of the flame front, 
rate of burning, and temperature and concentration distributions in the exterior of the 
reaction zone are determined by using the Burke-Schumann assumption. 
In order to analzye the structure of the burning zone we may neglect in it convection 
effects as compared with conduction, diffusion and chemical reaction effects. The equations 
governing this chemical boundary layer are ordinary differential equations with boundary 
conditions determined by the Burke-Schumann solution. Temperatures there are close to 
the adiabatic flame temperature, and then an overall kinetic scheme applies. 
The criteria for extinction of the flame and for the validity of Burke-Schumann as-
sumption approximately coincide, and may be obtained by solving, once the Burke-Schumann 
solution is known, the chemical boundary layer equations. This solution also provides the 
temperature and concentration distributions in the reaction zone. 
If our main purpose is the evaluation of the chemical kinetic effects in diffusion flames 
an approximate solution of the Burke-Schumann mixing problem will be sufficient. This we 
may obtain easily for large Reynolds numbers by using well known boundary layer ap-
proximations. 
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APPENDIX A 
In this appendix an integral method for the approximate solution of equation [31] is 
presented. We will use the same approximations as those used in obtaining [37] from [36]. 
We will consider the more general mass production rate expression given by [7]. Then, if 
relations [35] are taken into account, by taking [7] into [31], we obtain 
~dy\=~~ D0tc I ^ K20 § J L \Tr* K 2 J &J LA1J 
Where 
and 
y ff(Tc,p) ( - E T , - T c 
" -
 g(ThPo)eXP\RTf T„ 
tr*=g(Tf,p0)exp\--E/RTf\. [A.2] 
Here, however, we will not choose Tc(x) as the temperature at yt = 0, but as the tempera-
ture at a point that we will determine later on. 
By introducing the variables 
a -\- b + I 
U v6 — - 7.1 1>* 1 — 8 + (— - y 
2TV*/ 8 
[A.3] 
i 
a + 6+1 
-?["•&*] t • . ™ 
equation [A.I] transforms to 
d2 (p-g)«0 + «)*. [A.5] 
dz1 
That must be solved with the boundary conditions 
^ ± 0 = 0 for S ^ + JC. 
In order to solve equation [A.5] in an approximate way, we will use the following 
integral method. 
If sl is the point where p" reaches its maximum value, the right hand side of equation [A.5] 
may be written in the form 
(?i-*i)°(Pi-r-*,) ' ,e-*w . 
Where 
^ = H^i) a n ( J h(z) = k2(z — 0i)2 + - . • 
- 36 — 
Neglecting higher order terms in the expansion of h(z) in powers of (z —0,), equation [A.5] 
may be written in the approximate form 
- ^ T = (Pi - Zi)° (Pi+ *i)fce-**<*-'.>•. (A-6I 
The constants pt, z1 and k will be determined as follows: 
a) The solution $(z) of [A.6] should satisfy the following boundary conditions for rp(z); 
namely p' —* + 1 for z —• ± oo . 
Then 
„+«
 d*t r+x 2P \ r 
J —x as1 2 k 
or 
(p1_g l)»(p1 + J8ly. = J** . [A.7] 
and integrating [A.6] between zx and oc , we get p', = 0 (*). 
b) If by means of the relation 
(P — «)°(p + s)6 = 4i-e-*<—*>* [A.8] 
Vic 
we define p = p (z), then we will choose the parameters pl5 zx and k so that the following rela-
tions hold: 
? (*0 = 0 and ?'(z1) = (p1-*1)a(Pi + *i)b- [A.9] 
From relation [A.8] we deduce 
o ( ? - l ) , &(? + !) 
• 2 * s ( * — » i ) = 
i + 0 
_ 2 &» = ^ £ - + - Ap- a (?'~ 1)2 b (?' +1)2 
\-z p + 0 (p-0)2 (p + 0)2. 
Tn particular for z = zu we obtain 
— a b 
(- - r — = 0 [A.10] 
J 1 T » 1 
2 a a ft 
— 2 fc2 = p" (00 — -— [A.l 1] 
P i - * i ' ( P i - ^ ) 2 (Pi + zi)2 L J 
(*) If in addition use would be made of the boundary condition J + 2 = 0 for 2—»-±ao, then 
pj = 1/fe 1 ^ =- (2/7t)1/<a + 6 + !>,
 2 l = 0 
and 
ft — R. _J_ » «r f fr *• i S 
V*1T ( 
- —
 s
 l--exp(—fesgs) J 
which is also a fairly good approximate solution of equation [A.5]. 
From [A. 10] we deduce 
6— a 
6 + a 
26 2a [A.12] 
Then from [A.9], [A.11] and [A.12] we get the relation 
2a 
a + 6 
2 6 \b a+ 6
 n , , (a + &)» 1 
r(-^T)' it / 2a • \ 2 a / . 2 6 ?, 4 a 6 3? 2 \ a + 6 ( 96 \
2
 ' 
a + 6/ h 
that has the solution, if l/(« + 6 + c) = s, 
a + 6 [-Ml 
L^aa66 \ [ 
/« , x(a + 6) 
V I Ttaa66 \ [ 1 + 2a6 1 )I 
Now zx and k may be determined in terms of j3, by means of the relations 
b-a
 0 , ]+ / 2a \" / 26 \"0 , . 
' • ^ = T + a ^ a"d * = T l 7 + T ) (a + 6-) P? + '-
As an approximate solution of equation [A.l] we may use either the function 
$(z)=h + (z-zt)erfk(e — Si) — (l-^fc)"1 ! l - e x p ( - f c » ( * — «,)*)! 
[A.13] 
[A.14] 
[A.15] 
[A.16] 
obtained by integrating equation [A.6]. or the more approximate, but also more difficult to 
evaluate, function [i(z) solution of the algebraic equation [A.8]. In both cases the parameters 
P1( zx and k are as given by [A.14] and [x\.15]. 
In order to compare the above approximate solutions of equation [A.5] with the exact 
numerical solution, we consider the particular case a- 1.6 = 1. Then 
P,=0.87, = 0, k -0.67 
and 
p (Z) = 0.87 + z erf 0.67 z — 0.84 [1 — exp — (0.67 z)2\ 
P (z) = [z2 -J- 0,76 exp — (0.67 2)2]1'-. 
[A.17] 
[A.18| 
[A.l!)] 
The approximate solution }(z) has been plotted with a dashed line in Fig. 2 to compare 
with the exact solution drawn with a solid line. 
Going back to the general case in which a and 6 are not necessarily one, let us choose 
the temperature at the point zx as the temperature used in approximating equation [31]. 
Then from relation [A.3] by making z-^zx, we get 
( 1 - 8 , ) 4V6 /.(x,ec) 1 
/ 2 v T / \ 6 — ( i l 
( K;o V 6 + a \ [A. 20] 
This is an algebraic equation for 8 . 
Again a first approximation to the solution is obtained by making 6C= 1 when evaluating 
X(«,8C). Then relation [A.20] transforms to 
e r = i — ^ - JA.21] K 
where 
, 8L(ac) , \ l\ t 2vT/* \ b — a 
D0Jf i l l \ K20 I b + a 
and 
1(X,\)=\ if P = p 0 -
A second approximation, similar to 4?>, may be obtained for 6C without major difficulties. 
APPENDIX B 
In order to approximately solve the Blassius equation 
r + / r = o [B.I] 
with the boundary conditions 
f(«>)-i, n - « ) = \ , Ao)=o, 
following Meksyn (27) let us write equation [B.I] in the form 
f" a, a, a, 
f ' 2 ' 24 
where a1 = f(o) and a2 = f"(o) are assumed to be known. 
Then by integrating [B.2] twice we get 
f — a, = a2 I exp — ^— r,2 -f — T|3 + - J dr(. [B.3] 
As the shear stress decreases very rapidly with increasing values of |T(|, we may expect 
that most of the contribution to the integral [B.3] comes from those low values of |r,|, for 
which f can be well approximated using only the first terms in the power series expan-
sion [B.2]. ' . 
If we write 
a, a
 s 
2 ' 6 ' ^ 
- 39 -
then 
<~Vlr('+£rV?F+~) ,or ^<° 
Then the integral [B.3] may be evaluated and we obtain 
Tf we now make x—• + oc , we obtain 
[B.4] 
[B.5] 
[B.6] 
\ = a, — 
The series in [B.6] may be expected to converge very rapidly. Keeping only the first two 
terms of the series expansions appearing within brackets in [B.6], we get 
1 — X = / a, 
\ ax 
and ,. ) [B.7] 
1
 2 \_2 2 \ ^ 3r. \ l-\-\f \ 
that may be approximated with less than 4°/0 error by 
14-11 2 / 1—X 
a, = \T. \\+\l J 
^ n V ^ K M ^ r n 
[B.^] 
Now by means of relations [B.8] the solution [B.5] may be written up to the second ap-
proximation. A first approximation is 
£ & \ ft 
, [«-»l 
r = _ _ + . _ . . 2 . e r f _ ! _ _ _ , , . 
APPENDIX C 
Low SPEED SOURCE FLOW. 
The laminar diffusion flame produced when a point source of fuel is immersed in an 
oxidizer stream has been qualitatively discussed by Penner (28). 
Let the density and temperature of the fuel leaving the source be equal to the density 
and temperature of the oxidizer stream. Tf M is the mass rate of supply of fuel due to the 
source, the velocity distribution is given by 
• vlu.x, *—) [CI] 
where r t = \x\ + x\ -f- x\ and the x3 axis is in the free, oxidizer, stream direction. The source 
is located at the origin and Um is the free stream velocity. 
The stream surface that separates fuel and oxidizer is easy to calculate, and that has 
been done elsewhere. In particular, the radius of curvature at the stagnation point is 
/ M \"2 [G.2] 
Then A0 at the stagnation point may be evaluated by using relations [44] and [63]. We 
obtain 
An 
M 1 
v
 "P7 U ^ 
[G.3] 
Therefore the criterion for either the validity of the Burke-Schumann assumption or for 
extinction is practically independent of the transport properties. They enter only through 
the values of Pr and Sc. 
